The modified Beer-Lambert law is among the most widely used approaches for analysis of nearinfrared spectroscopy (NIRS) reflectance signals for measurements of tissue blood volume and oxygenation. Briefly, the modified Beer-Lambert paradigm is a scheme to derive changes in tissue optical properties based on continuous-wave (CW) diffuse optical intensity measurements. In its simplest form, the scheme relates differential changes in light transmission (in any geometry) to differential changes in tissue absorption. Here we extend this paradigm to the measurement of tissue blood flow by diffuse correlation spectroscopy (DCS). In the new approach, differential changes of the intensity temporal auto-correlation function at a single delay-time are related to differential changes in blood flow. The key theoretical results for measurement of blood flow changes in any tissue geometry are derived, and we demonstrate the new method to monitor cerebral blood flow in a pig under conditions wherein the semi-infinite geometry approximation is fairly good. Specifically, the drug dinitrophenol was injected in the pig to induce a gradual 200% increase in cerebral blood flow, as measured with MRI velocity flow mapping and by DCS. The modified Beer-Lambert law for flow accurately recovered these flow changes using only a single delay-time in the intensity auto-correlation function curve. The scheme offers increased DCS measurement speed of blood flow. Further, the same techniques using the modified Beer-Lambert law to filter out superficial tissue effects in NIRS measurements of deep tissues can be applied to the DCS modified Beer-Lambert law for blood flow monitoring of deep tissues.
INTRODUCTION
Diffuse correlation spectroscopy (DCS) is a recently developed optical technique that utilizes the temporal intensity fluctuations of multiply scattered light in order to quantify microvascular blood flow in highly scattering tissues [1, 2] . Like DOS/NIRS, the DCS method is non-invasive and penetrates tissue deeply, but DCS also offers the possibility to directly measure the "blood flow" contributions to tissue hemodynamics continuously and at the bedside. Herein we discuss a Modified Beer-Lambert law for measurement of blood flow based on the DCS technique [3] . This method linearly relates measured changes in a "DCS optical density" to changes in tissue blood flow, tissue scattering, and tissue absorption. The new algorithm parallels that of the NIRS/DOS Modified BeerLambert law, but it has interesting differences that should be useful for applications. Herein, we derive general theoretical results for measurement of flow changes in any geometry, and we obtain specific expressions for two commonly used tissue models: homogeneous semi-infinite turbid media and two-layer turbid media. We demonstrate the new approach with simulations and with an in-vivo experiment. In the future, we expect the Modified Beer-Lambert law for flow to offer simpler DCS instrumentation, and, importantly, access to novel 
MODIFIED BEER-LAMBERT LAW FOR FLOW
Here we develop a "Modified Beer-Lambert law" for tissue blood flow based on the DCS measurement of the intensity autocorrelation function (Figure 1 ) [3] . The first step in this process is to define a "DCS optical density (ODDCS)," i.e., in analogy with the DOS/NIRS OD. For source-detector separation ρ and delay-time τ, the DCS optical density is defined as:
Notice that in addition to delay time and sourcedetector separation, the DCS optical density also implicitly depends on tissue absorption, scattering, and blood flow. 
DCS Modified Beer-Lambert law for Homogeneous Tissue
We start by deriving a general expression for homogeneous tissue, characterized by a blood flow index, 
≡ ∂ ∂ which can be estimated analytically or numerically using the correlation diffusion model applied to the appropriate geometry [3] . All three of these weighting factors depend on τ and ρ, on tissue geometry, and on the baseline parameters 0 
Importantly, Eq. (1) is a general result that describes the change in DCS optical density for homogeneous tissue. For a given tissue/measurement geometry, the change in blood flow can be computed by evaluating the weighting factors for the geometry in question, and then substituting for them into Eq. (1).
DCS Modified Beer-Lambert Law for Heterogeneous Geometries
Tissue is often approximated to be optically homogeneous for hemodynamic monitoring, an approach which has the advantage of simplicity. Realistically, however, tissue is heterogeneous; it contains multiple compartments with different optical properties due to blood vessels, fat, and bone. Often these regions arise as "layers" below the tissue surface such as scalp, skull and cortex. Under these conditions, a Taylor series expansion of the DCS optical density can also be used to derive the DCS Modified Beer-Lambert law for heterogeneous media. Assuming that the heterogeneous tissue can be divided into N homogeneous regions, the first-order Taylor series expansion is 
denote the changes in these parameters from baseline. Rearranging Eq. (7), the DCS Modified Beer-Lambert law for heterogeneous media is:
where { } 
RESULTS

Validation with simulated data
We tested the homogeneous DCS Modified Beer-Lambert law (Eq. (1)) using simulated data ( Figure 2 ), as well as real data collected from a juvenile pig (Figures 4-5 ). The simulated DCS data was generated from semi-infinite analytical solutions of the correlation diffusion equation with added noise [4] . Baseline tissue blood flow and optical properties in the simulated data were chosen to be representative of the head [5] , and perturbations from baseline were induced by varying blood flow (F) from +50% to −50%, with constant tissue optical properties. Figure 2A shows the simulated intensity auto-correlation functions for these baseline and perturbed conditions, plotted as a function of delay-time. The DCS Modified Beer-Lambert law (Eq. (1)) was then applied to this simulated data set to calculate the flow change as a function of delay-time ( Figure 2B ). There is good agreement between the calculated and actual flow changes for a wide range of delay-times. In order to appreciate the simulation results more generally, we introduce the dimensionless delay-time, Figure 2B indicates the difference (error) between the calculated DCS Modified Beer-Lambert flow change (estimated for each dimensionless delay-time) and the true flow change (simulated value). This error is relatively small, even for dimensionless delay-times approaching 2.3.
α =
Note that for a 50% increase in flow, the DCS Modified Beer-Lambert law is accurate over a narrower range of dimensionless delay-time than it is for a −50% TyoFo decrease ( Figure 2B ). This is a consequence of the fact that flow increases induce faster decays in the intensity autocorrelation function. Once the auto-correlation curves are close to fully decayed, the DCS Modified Beer-Lambert law is predominantly sensitive to correlation noise instead of flow. 
In-vivo validation
Finally, we validated the semi-infinite DCS Modified Beer-Lambert law in-vivo. In this case, the scalp of a juvenile pig was reflected and 2.5-mm burr holes were drilled through the skull down to the dura. Optical fibers were inserted into the holes to form one DCS source-detector pair to measure cerebral blood flow and one DOS/NIRS source-detector pair to measure cerebral tissue absorption. The source-detector separations of both pairs were approximately 1.5 cm, and the baseline cerebral optical properties of the pig were assumed to be 0 (785 nm) 0. [6] . In this measurement, the semi-infinite geometry is a good approximation for the true tissue geometry because the optical fibers are very close to the brain (Figure 3) . A 200% increase in cerebral blood flow was induced in the pig via venous infusion of 9 mg/kg of the drug dinitrophenol (DNP). DNP is a proton transporter across cell membranes, which disrupts the mitochondrial proton gradient [7] . In an effort to restore the proton gradient, cells heavily stimulate cerebral oxygen metabolism [7] , which in turn leads to a large increase in cerebral blood flow.
The calculated temporal cerebral blood flow changes in the pig from DNP using the DCS Modified BeerLambert law are in good agreement with the calculated changes from nonlinear fits to the semi-infinite solution of the correlation diffusion equation (Figure 4) . Measured cerebral absorption changes ( Figure 5B) were incorporated in the blood flow calculations. Note that when using multiple delay-times in the DCS Modified Beer-Lambert law, the noise in temporal blood flow estimates is comparable to the nonlinear diffusion fit (Fig. 5A) . For single τ blood flow monitoring, the temporal blood flow noise is larger, but the average blood flow changes are the same ( Figure  4B ), which demonstrates the feasibility of accurate single τ blood flow monitoring with DCS. In Figure 4B The estimated cerebral blood flow changes in the pig from the DCS Modified Beer-Lambert law are also plotted as a function of dimensionless delay-time in Figure 5A for two quasi steady-state temporal intervals. During these temporal flow intervals, the blood flow changes were also determined from nonlinear fits to the semi-infinite correlation diffusion solution. The average blood flow changes from the nonlinear fit estimates are 185% and 64% (solid black lines). The horizontal dashed lines in Fig. 8A indicate the noise in the nonlinear fit estimates of blood flow (constant because the nonlinear correlation diffusion fit uses all delay-times). Interestingly, although estimates of blood flow changes obtained from the DCS Modified Beer-Lambert law are noisy, the average value of these estimates are within the noise of the nonlinear correlation diffusion fit estimates for the delay-time interval Figure 5A is accurate for a narrower range of delay-times because the intensity auto-correlation function associated with this increase completely decays at a shorter delaytime.
DISCUSSION
The Modified Beer-Lambert approach has been employed extensively in the biomedical optics community [8] [9] [10] [11] [12] [13] , in large part because of its simplicity. With this approach, researchers can monitor temporal changes in blood oxygenation and blood volume with CW light, using only one source-detector separation. In this paper, we have extended the Modified Beer-Lambert approach to the DCS measurement and we have demonstrated the accuracy of this extension in both simulations ( Figure 2 ) and in-vivo data (Figures 4, 5) . As with the Modified Beer-Lambert approach, the DCS Modified Beer-Lambert approach has advantages compared to the traditional approach of fitting intensity auto-correlation data to nonlinear solutions of the correlation diffusion equation.
Real-time estimates of blood flow changes
The DCS Modified Beer-Lambert law is a linear equation relating changes in blood flow to changes in signal for any tissue geometry. Although the correlation diffusion solution in the semi-infinite geometry is closed form, the correlation diffusion solutions in more intricate geometries (e.g., curved, layered) are vastly more complex, and consequentially quite time-consuming when fitting data. With the DCS Modified Beer-Lambert approach, the correlation diffusion solutions are needed only once to evaluate the multiplicative weighting factors at the "baseline" tissue state. Then, blood flow changes from baseline are rapidly determined by solving a linear equation (Eq. (1) or (2)). Consequentially, the DCS Modified Beer-Lambert law is well suited for real-time blood flow monitoring, especially in tissue geometries that are not semi-infinite.
Blood flow monitoring in tissues wherein light propagation is non-diffusive
Diffusive light transport is not required for using the DCS Modified Beer-Lambert approach. In blood flow monitoring applications wherein the photon diffusion model is not valid, the multiplicative weighting factors can be evaluated using solutions to the correlation transport equation [14, 15] instead of the correlation diffusion equation. For the tissue geometry of interest, the correlation transport equation can be solved numerically with Monte Carlo techniques [2, 16] . Thus, the DCS Modified Beer-Lambert approach facilitates accurate blood flow monitoring for the small source-detector separations typical of endoscopic probes, for complex tissues that contain "non-diffusing" domains such as (arguably) cerebral spinal fluid inside the head [17] [18] [19] , and for tissues that contain very high concentrations of blood, as in the liver [20] . In all three of these examples, the assumptions underlying the photon diffusion model are violated, and therefore the photon diffusion model is not expected to be accurate. Another potential application of the non-diffusive DCS Modified Beer-Lambert approach is blood flow monitoring with visible light.
Improved depth sensitivity
The DCS Modified Beer-Lambert law permits blood flow monitoring with intensity auto-correlation measurements at a single delay-time, in contrast to the traditional correlation diffusion approach wherein blood flow estimates are obtained by acquiring and fitting a full intensity auto-correlation curve consisting of many delay-times. It has been well established that the auto-correlation function decay times of long light paths are relatively short, while the decay times of short paths are relatively long [16, 21, 22] . Thus, the auto-correlation function at shorter delay-times will inherently be more sensitive to deeper tissues, which in turn means that the sensitivity of the DCS measurement to blood flow at deeper tissue depths is improved by using short delay-times in the DCS Modified Beer-Lambert law. Conversely, using long delay-times improves the sensitivity of the DCS measurement to tissue blood flow at shallow depths. This same effect can be achieved by fitting different parts of the intensity auto-correlation curve to the correlation diffusion model. In practice, these correlation diffusion fits still require several delay-times spanning a significant portion of the auto-correlation curve. By using one delay-time, the experimenter has finer control of the measurement depth sensitivity.
Filtering out contamination from superficial tissues in deep tissue flow monitoring
The same paradigms that have been developed with the Modified Beer-Lambert law to filter out contamination from superficial tissues in blood oxygenation measurements of the tissue of interest (e.g., the brain) [23] [24] [25] [26] [27] can also be used in the DCS Modified Beer-Lambert formulation for blood flow monitoring. In fact, these paradigms are likely to work even better with DCS because DCS is more sensitive to brain hemodynamics than continuous-wave NIRS [28] .
Extending upon work done with the DOS Modified Beer-Lambert law [23, 24] , a useful scheme for filtering out superficial tissue contamination in the DCS signal is to use two source-detector separations, one of which is long and the other short. Detected light from the long separation travels through both layers of tissue, but detected light at the short separation is predominantly confined to the superficial layer. The two source-detector separation DCS Modified Beer-Lambert law can be employed to isolate the deep tissue blood flow component in the DCS signal from the superficial blood flow component by acquiring "initial/baseline" measurements wherein only superficial blood flow is changing. In cerebral monitoring, one way to change superficial blood flow without affecting cerebral blood flow is to vary the pressure of the optical probe against the head [29] . Thus, initial measurements acquired during probe pressure modulation can be used to derive the patient-specific weighting factors in the two sourcedetector separation DCS Modified Beer-Lambert law. These weighting factors are then used to filter out superficial contamination in subsequent cerebral blood flow monitoring.
